Quantum Squeezing Micron-Sized Cantilevers 
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We show that substantial quantum squeezing of mechani- 
cal motion can be achieved for micron-sized cantilever devices 
fabricated using available techniques. A method is also de- 
scribed for measuring the cantilever fluctuation magnitudes 
in the squeezing regime. 

PACS numbers: 42.50.Dv, 07.10. Cm, 06.30.Bp, 04.80.Nn 



Squeezed states — minimum uncertainty states of a har- 
monic system where the uncertainty of one of the quadra- 
ture amplitudes is reduced below that of the zero-point 
fluctuations (i.e., ground state) — first came to promi- 
nence in the late seventies and early eighties as a means to 
suppress noise in optical communications Q and in inter- 
ferometric and mechanical bar gravity wave detectors 
[^-^| . The first experimental demonstration of squeezed 
light states followed shortly thereafter ||. Many other 
groups have since demonstrated squeezed light using a 
variety of generation and detection techniques (see, e.g., 
Ref. j?J for a survey up to 1992). By contrast, there has 
been very little experimental work on squeezed states in 
mechanical systems; squeezed states have been demon- 
strated for a single, vibrating ion || and possibly for 
crystal phonons H; there have also been several theo- 
retical proposals ]10|. It would be of great interest to 
try to produce squeezed states for a mechanical oscilla- 
tor structure much larger than a single atom, not only 
to test some of the ideas developed for the detection of 
very weak forces such as gravity waves (see, e.g., Ref. 
jllj), but also, at a more fundamental level, to extend 
the domain of manifestly quantum phenomena to macro- 
scopic mechanical systems (see, e.g., Ref. |l^] for a recent 
proposal to generate and detect quantum superpositions 
of spatially separated states in a macroscopic mechanical 
system). 

One way to squeeze a mechanical oscillator initially 
in a thermal state would be to use parametric pump- 
ing, characterized by a term of the form P(t)(a) 2 + a 2 ) 



in the oscillator Hamiltonian (see, e.g., Ref. The 
first demonstration of this method for classical thermo- 
mechanical noise squeezing was performed by Rugar et 
al. jp| using a device comprising a cantilever several hun- 
dred microns in length and a few microns in crossection. 
The room temperature thermal vibrational motion in the 
fundamental flexural mode was parametrically squeezed 
in one quadrature to an effective temperature of about 
100 K by periodically modulating the effective spring con- 



stant at twice the flexural frequency. A natural question 
to ask is whether quantum squeezing could be achieved 
in a similar device. In order to squeeze below the zero- 
point fluctuations, the thermal fluctuations of the can- 
tilever before squeezing must not be too much larger in 
magnitude than the zero-point fluctuations ||. Now, the 
lowest temperature to which a microdevice can be cooled 
using reasonably available equipment (e.g., a nuclear de- 
magnetization cryostat) is around a mK. At such temper- 
atures, we would require a cantilever with a fundamental 
frequency of around 100 MHz. A cantilever vibrating 
at radio frequencies might seem hopelessly unrealistic. 
However, recently Cleland et al. Q] succeeded in fabri- 
cating micron-sized, suspended Si beams with fundamen- 
tal resonant frequencies of just this order. In this paper, 
we will show that substantial quantum squeezing can in 
fact be achieved using a cantilever device similar to that 
of Rugar et al. Jl3| , but scaled-down to micron dimen- 
sions and with materials characteristics such as quality 
factor similar to those of the structures considered by 
Cleland et al. ]T^| . We will first discuss the method of 
generation and then follow with the method of detection. 

The model structure which we consider is similar to 
the device of Rugar et al. [ p"3| , comprising a cantilever 
with one plate of a capacitor located on the cantilever 
surface and the other plate located on the substrate sur- 
face directly opposite. Unlike their device, however, the 
capacitor will serve as a component not only of the pump 
circuitry, but of the probe circuitry as well (more on this 
later). The classical equations of motion for the can- 
tilever in the fundamental flexural mode are 
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where, in terms of the pump voltage V p (t), the capacitor 
plate charge is 



C V p (t) 
l-x(t)/d' 



(2) 



The coordinate x denotes the displacement of the can- 
tilever tip from the static equilibrium position (V p = 0), 
to is the cantilever effective mass, d is the equilibrium 
cantilever tip-substrate base separation, and Co is the 
capacitance for equilibrium separation d. Recall that, in 
terms of the frequency cj c and relaxation time r c of the 
fundamental flexural mode, the quality factor is defined 
as Q c = uj c t c . Both Q c and the random force term Ffl uct 
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model the effects of the thermal environment on the flex- 
ural mode. The c subscript, which denotes 'cantilever', 
is employed in order to distinguish the mechanical oscil- 
lator from the coupled probe electrical oscillator to be 
introduced later on. 

Substituting (^) into (|l|) for pump voltage having the 
form V p (t) = Vq cos{uj p t + 0) and assuming |x| -C d, we 
obtain 

d 2 x m c uj c dx ., , / m / \ , s 

m c — + — + [k + k p {t)]x « F p (t) + F fluct (i), 



dt 2 



Q c dt 



(3) 



where k = m c uj 2 + Ak, Ak = C V£/2d 2 , k p (t) = 
Ak cos(2uj p t + 2(j)) , and F p {t) = k p (t). Note that the equi- 
librium static spring constant is shifted upwards by Ak. 
Thus, the resonant frequency of the cantilever is shifted 
to lu' c = \J ' uj 2 + Ak/m. There is also a shift downwards 
in the equilibrium position of the cantilever tip by the 
amount CqVq / (2dm c w 2 ) and we have redefined the ori- 
gin of x to coincide with this new equilibrium position. 
Note that one consequence of applying the pump voltage 
V p (t) across the capacitor is the sinusoidal modulation 
k p (t) of the spring constant. For phase = — 7r/4, this 
modulation causes squeezing in the quadrature ampli- 
tude Xi uni, where 



(4) 



X\ it) = x (t ) cos u>' c t — uj' c 1 x{t) sin ui' c t 
X 2 (t) = x(t) sin v' c t + u'~ 1 x(t) cosui' c t. 



Pumping the cantilever from an initial thermal equilib- 
rium state at frequency lj p = lo' c , one obtains for the 
quantum uncertainty in X\ la] 



AX 2 (t 



oo 



2mu>, 



■(2nr + l) 1 + 



Q c Ak 
2mu> 2 . 



(5) 



where tit = (e hUc / kBT — Note that we have replaced 
ui' c with ui c in (^|) since this causes only a small error for 
the parameter values to be considered below. On the 
other hand, it is important to account for the frequency 
shift lo' c — lj c when setting the pump frequency to p , since 
the resonance width uj' c /Q c can be smaller than this shift 
for large Q c . In order to have quantum squeezing, we re- 
quire that the squeezing factor R = AXi/y/h/ 2muj c < 1, 
where recall that y / fi/2muo c is the zero-point uncertainty. 
Thus, from (|^) we have 



R = 



2n T + 1 



1 + Q c Ak/2mu 2 



< 1. 



(6) 



For illustrative purposes, we consider a crystalline sap- 
phire cantilever with mass density p = 3.99 x 10 3 kg/m 3 
and assume the bulk value for Young's modulus: E = 
3.7 x 10 11 N/m 2 . Sapphire is elastically isotropic to good 
approximation, thus simplifying the analysis. The pre- 
ferred materials for experiment would probably be Si or 



GaAs. Substituting into (||) the expressions for the can- 
tilever effective mass, m = plwt/A, fundamental flexu- 
ral frequency, uj c — 3.516^/12/12/5 t/l 2 , and capacitance, 
Co = e Xlw/d, we obtain the following conditions on the 
cantilever dimensions 



l 2 ~ 75 



> 10 7 



d 3 P 



(7) 



(8) 



where we have set Vb = 1 V, Q c = 10 4 , T = 1 mK, and 
have expressed the various cantilever dimensions in units 
of micrometers. The parameter A, which appears in the 
expression for the capacitance, is a geometrical factor to 
allow for the fact that the capacitor plate area need not 
coincide with the cantilever area. We have arbitrarily set 
A = 1/3. Condition (0) follows from requiring that the 
thermal occupation number tit be of order one or smaller, 
while condition (||) follows from requiring that the term 
appearing in the denominator in (^|) be of order one or 
larger. We must have condition (^) as well since, if it did 
not hold, then nx would be very large and unrealisable 
values for Q c and the various cantilever dimensions would 
be required in order to compensate. Setting I 2 jt = 75 
and substituting into (||), we obtain d 3 t <6x 10~ 4 . As 
an example, the conditions are satisfied if we choose d = 
0.05 fxm, £ = 0.1 fim, and I = v7~5 ~ 2.7 pm. For these 
cantilever dimensions, the squeezing factor (^) is R w 
0.25 and, thus, we have quantum squeezing. This factor 
is comparable with the best squeezing factors achieved for 
light [Q and corresponds to a noise reduction more than 
three orders of magnitude larger than that obtained in 
the recent phonon squeezing experiments of Garrett et 
al. §. 

If a cantilever could be realised having the same dimen- 
sions, but with quality factor Q c w 10 6 instead of 10 4 , 
then the squeezing factor would be R w 0.025, an order 
magnitude smaller. It clearly would be of great inter- 
est to determine whether micron-sized cantilevers could 
be fabricated with much higher quality factors. Little is 
currently known about the upper limits on Q c . The few 



reported Q c values for micron-sized cantilevers [|14 15 
are many orders of magnitude smaller than what can be 
achieved for large-scale mechanical resonators [[if)). This 
is thought to be due to the increasing importance of sur- 
face defects for the dissipation of mechanical energy the 
larger the surface-to-volume ratio. Presumably, the sur- 
face defect density can be reduced with appropriate mod- 
ifications of the fabrication process. 

In the analysis above, it was assumed that the can- 
tilever tip displacement x is much smaller in magnitude 
than the cantilever-substrate separation d. One might 
worry, however, that this is not the case for the very 
large electric fields resulting from applying a potential 
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difference of 1 V across a gap d = 0.05 /xm. Substitut- 
ing the various parameter values into the expression for 
the equilibrium position shift, we obtain a displacement 
of about 3 A which is much smaller than the cantilever 
length. We are therefore far from snapping the cantilever 
and well within the range of applicability of Hooke's force 
law. Similarly, the applied force F p (t) gives a displace- 
ment amplitude of about 1 A for uj p = w' c . Note that, 
if the frequency of the applied force was resonant with 
the frequency u>' c (instead of being twice this frequency) , 
then the displacement amplitude would increase by a fac- 
tor Q c = 10 4 to about 1 /im. We can now see that 
the displacement amplitude is small, despite the large 
applied electric field, because the applied force is off- 
resonance. It is also important to check that the applied 
force F p (t) is not resonant with a higher flexural mode 
of the cantilever. The frequency of the second flexural 
mode is about six times larger than the fundamental fre- 
quency and therefore the applied force is even further 
off-resonance with this mode. An estimate of the result- 
ing displacement amplitude yields about 0.1 A. 

The Casimir force can also give rise to large deflections 
for submicron plate separations |fl7| . Using the expres- 
sion for the Casimir force between two parallel plates of 
area A, F cas j m i r = TT 2 hcA/2A0d 4 , we obtain a deflection 
on the order of an Angstrom for a cantilever with the 
above dimensions, including a width w = 1 /im. 

In the classical squeezing analysis of Rugar et al. [[13[ , 
the analogous quantity to the squeezing factor (p)is 
the gain defined as G = |A| pump on /|A|p Um p off , where 
\X\ = yfxJTJQ. The term Q c Ak/2muo 2 c [see (§)] also 
appears in their expression for G. However, there would 
appear to be a discrepancy: their solutions for Xi(t) 
break down when this term exceeds one, hence restrict- 
ing their squeezing maximum (minimum gain) to 1/2, 
whereas we have no upper bound on this term. The res- 
olution lies in the fact that Rugar et al. assumed steady- 
state solutions. If this term exceeds one, as is the case 
for the parameter values we are considering, then X 2 {t) 
grows exponentially without bound as t — ► oo. Thus, the 
pumping should terminate after the characteristic time 
i c h for which the squeezing factor largely reaches its lim- 
iting value (^|), where || 

2mcj 2 ( Q c Ak \ 

A related issue concerns the conversion of mechanical 
energy into heat, possibly warming the cantilever suffi- 
ciently to take it out of the quantum squeezing regime. 
It is not clear whether the generated heat would dissi- 
pate sufficiently rapidly into the surrounding substrate 
to prevent this from happening; the heat dissipation rate 
clearly depends on the materials properties and layout 
of the device. Alternatively, heating will be negligible 
if the cantilever is pumped for a time smaller than the 



relaxation time. Therefore, we require £ c h < t c . Substi- 
tuting into (^) the various chosen parameter values, we 
find t c h/r c 0.1. Thus, the limiting squeezing value can 
be largely attained without significant heating. 

We now consider a possible way to measure the un- 
certainty AXi. For the considered parameter values, the 
zero-point uncertainty is y/Ti/2muj c ~ 4 x 10~ 14 m, while 
the squeezed uncertainty is « 10~ 14 m. Measuring fluc- 
tuations of this small magnitude might at first appear 
a hopeless task. However, compare these numbers to 
the even smaller displacements of around 10~ 19 m which 
must be resolved for a metre long gravity wave bar detec- 
tor. Remarkably, a displacement detector with sensitiv- 
ity approaching 10~ 19 m was demonstrated as long ago 
as 1981 f§ (see also Sec. 10 of Ref. [§J|). The detector 
was effectively an LC circuit, where changes in the ca- 
pacitor plate separation are converted into changes in the 
resonant frequency 1/yLC of the circuit. This method 
is well-suited to our cantilever system, since the existing 
capacitor can also be used as a displacement sensor by 
forming part of an LC circuit. As an aside, note that 
capacitance-changes have also been used to detect can- 
tilever deflection in an AFM (see, e.g., Ref. p9| ). 

Thus, we have in mind a two-stage process. In the 
pumping stage, the cantilever flexural mode vibrations 
are driven into a squeezed state as described above. Af- 
ter a time £ c h, pumping terminates and then the probe 
circuitry takes over. Forming an LC circuit with the 
existing capacitor, the cantilever equation of motion (|l|) 
becomes one of two coupled equations, where the other 
equation for the circuit charge q is 

§ + + 5) -**K-W + »-»]■ 

(10) 

The circuit resonant frequency is ui e = 1/ \ALCo, where 
the e subscript stands for 'electrical'. We have also in- 
cluded a fluctuating voltage Vfl uc t (t) , which describes the 
Johnson-Nyquist noise due to unavoidable circuit resis- 
tance R = l/(uj e Q e C ). 

For a continuous measurement, it is essential that 
Xi(t) is measured and not the ordinary displacement 
x(t). In the latter case, the Heisenberg uncertainty prin- 
ciple would prevent one from measuring displacements 
below the zero-point fluctuations pJJ| . The quadra- 
ture X\(t) is measured for probe voltage satisfying 
V pr (t) = Vq cosuj e t cos uj c t. This form couples q much 
more strongly to the quadrature amplitude X\ than to 
X 2 , provided Q e uj c /u e > 1 (see Sec. 10.7 of Ref. @). 
The necessary large quality factors Q e can be achieved, 
for example, by using superconducting wires (see, e.g., 
Sec. 6 of Ref. ju|). 

Simplifying and @ as in Sec. 10.5 of Ref. Q 
to make them approximately linear in q and x, and 
then solving the corresponding quantum equations mo- 
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tion along the lines of Ref . || , the uncertainty in the volt- 
age across the capacitor for times l/u> e <f< min(r c , r e ) 
is 



i 



(ii) 



where AXi(O) is the cantilever quadrature uncertainty 
at the start of the probe stage, defined as t = 0. The 
circuit is assumed to be initially in thermal equilibrium, 
described by the distribution rij. = ( e ^=/ fc B T _ The 
right hand side of ( pi] ) involves three terms, the first of 
which depends directly on AXi(O). This first term in- 
creases with time, eventually exceeding the second term 
which describes the voltage fluctuations across the capac- 
itor due to the nonzero circuit resistance. On the other 
hand, the third term, which describes the return to ther- 
mal equilibrium of the cantilever because it is no longer 
being pumped, eventually exceeds the first term. Thus, 
the time interval over which the uncertainty AAi (0) can 
be resolved is bounded both above and below by ther- 
mal noise. Choosing uj e — lu c , Q e > Q c , Vo = 1 V, and 
the above considered cantilever parameter values, we find 
10 < u e t < 850, with AV(t) « AX 1 (0)V o uJet/2V2d w 
6 x 10~ 5 V at, say, uj e t = 800 for AXi(0) = 10~ 14 m. 
Again, if a cantilever with larger quality factor Q c sw 10 6 
could be realised (and also Q e > Q c ), then the upper 
bound would increase to 8.5 x 10 4 , giving a much larger 
signal AV(f) «6x 10~ 3 Vatw e t = 8x 10 4 . 

The uncertainty AXi(0) is a quantum statistical quan- 
tity: the pump and probe stages must be repeated many 
times in order to accurately determine AA"i(0). Thus, 
we require not only frequency stability but also ampli- 
tude stability for the applied voltages V p (t) and V pT (t). In 
particular, during the pump stage the shift in the equilib- 
rium position of the cantilever tip due to uncontrollable 
fluctuations in V p (t) must be smaller than the squeezed 
magnitude 10~ 14 m obtained above. For the considered 
values, this imposes the requirement |5V^,/V^| < 10 -5 . 

An implicit assumption of our analysis is that the ca- 
pacitor plate on the substrate surface opposite the can- 
tilever is rigidly fixed, with negligible fluctuations as 
compared with those of the cantilever tip — even in the 
squeezing regime. This must be checked, of course. We 
have obtained estimates of the surface fluctuations, mod- 
elling the capacitor plate/substrate surface as a half space 
Summing over all the different mode contributions 
(e.g., Rayleigh, mixed P-SV, etc.) to the surface fluctu- 
ations averaged over a plate area 1 /im 2 , we find a fluc- 
tuation magnitude perpendicular to the surface of about 
3 x 10 -15 m at 1 mK. This figure is indeed smaller than 
the squeezed magnitude value 10 -14 m. Note, however, 
that these surface fluctuations will prevent one from mea- 
suring squeezing amplitudes not much below this value 



for the current setup. 

In conclusion, we have shown that substantial squeez- 
ing below the zero-point motion can be achieved for the 
flexural mode of a micron-sized cantilever. A method 
using a coupled LC circuit to measure the fluctuation 
amplitudes in the squeezing regime was also described. 
Displacement detectors with much better sensitivity than 
required were demonstrated some time ago |l^,|l^l , while 
cantilevers with the required dimensions and materials 
characteristics have recently been realised |Q . 

We thank S. Bose and D. A. Williams for helpful and 
stimulating discussions. 
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